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The RO(G)- ctral sequence entials Theorem

The Periodicity Theorem

Theorem (9.21)
Let G = Cg, and

=C —C4y\ =G
D = (N&0,7)(NE05*)(91°) € iy, MU

Then multiplication by (A®)6 = u%26(5f8)32 gives an
isomorphism

T (D EMUUCNNG s 7 oss(D~EMUC)))hG
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The RO(G)-, d slice spectral sequence e Differentials Theorem

Periodicity Theorem Overview

> We will use the RO(G)-graded slice spectral sequence to
compute 7&(MU(ED),
> The E; page is given by Proposition 9.7.
> Differentials are given by Theorem 9.9.
P> We then show that a certain class 5ku2k is a permanent cycle
(Corollary 9.13).

» This implies that a class (AG)Qg/2 is a permanent cycle in the
RO(G)-graded slice spectral sequence for 7&(D~1MU(E)).
» This class restricts to a unit in 7¢(D~*MU(€))) and hence

multiplication by (Ac)zg/2 gives us the Periodicity Theorem.

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence

900000000000 0000000

The RO(G)-graded slice spectral sequence

Theorem

We have the RO(G)-graded slice spectral sequence for MU((©)) ;

ESt =g PImIX = nf MU(S)

imt

with differentials d, : E25’t N Ez's+’:t+(f—1)

Where t € —2mo + Z

Richard Wong
The Periodicity Theorem, Part | (HHR Section 9.1)

University of Texas at Austin



The RO(G)-graded slice spectral sequence The Slice Differentials Theorem

000000000000 0000000

Recall that PQMU(®) = HZ,,,

Let 0 = o denote the real sign representation of G, and recall
that in Definition 3.12, we defined an element

U=ty €5 o HLpy = B3

Corresponding to a preferred generator of ma(HZ,) A 529).
We will study the elements

EO 2m—2mo

in the RO(G)-graded slice spectral sequence for 7&(MU(C)).

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence

00@0000000000000000

ice Differentials Theorem

Consider the Z x RO(G)-graded ring

Zpyla, fi, u] /(2a, 21;)

with |a] = (1,1 — o), |fi| = (i(g — 1), ig), and |u| = (0,2 — 20)
Proposition (9.7)
The map

Z(z)[a,ﬁ-,u]/(2a,2ﬁ)—> @ Ezs’t

s,k>0
tex—ko

is an isomorphism in the range

s> (g = 1)((t = s) = (k — ko))

Richard Wong

University of Texas at Austin
The Periodicity Theorem, Part | (HHR Section 9.1)
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The RO(G)-graded slice spectral sequence e Slice Differentials The

0000000000000 00000

The map
Zyla, fi, u] /(2a,21;) @
5,k>0
tex—ko
is given by ' _
fi > abNF; € nf PEMULS)
ar a, € ¢ PIMULC)
u—s uens o PYMULE)
Richard Wong University of Texas at Austin

The Periodicity Theorem, Part | (HHR Section 9.1)



e Differentials Theorem

The RO(G)-graded slice spectral sequence

0O00000®000000000000

Proposition

In the slice spectral sequence, we have a vanishing line

s=(g—1)((t—s)+ ko) + k

Proof.

This follows by setting t' = dimt so that t = t' 4+ (k — ko). We
then have that

Eyt = n8_o. 1S A PEMUUC)

Note that Sk A P,_E’MU((G)) > t/, so Proposition 4.40 tells us that
this group vanishes if t' — s+ k < [t'/g].

Hence if s > (g — 1)((t — s) + ko) + k O

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence The Slice Differentials Theorem

0000000 @00000000000

By the Slice Theorem (Theorem 6.1 cf Theorem 1.13), P,_f,/ Mu(©)
is contractible unless t’ is even.

If t’ is even, then Ptt,/ MU(©)) ~ V HZ(z) A § where S is a slice
cell of dimension t'.

We compute E5* = 7§__ ., Sk A PEMUC)) by considering the
two cases for S:

1. Either § = Gy Ay SYPr is an induced slice cell,

2. Or S = S%6 is an non-induced slice cell.
We will see that in the range s > (g — 1)((t — s) — (k — ko)), the
homotopy groups coming from the induced slice cells vanish, and
only the non-induced slice cells contribute.

Richard Won University of Texas at Austin
g
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The RO(G)-graded slice spectral sequence

0000000 0e0000000000

Case 1

If S= Gy Ay SYPH is an induced slice cell, then we are interested
in computing 75_, , of

Sk N HZ ) A Gy Ay SEPH

Since the restriction of o to any proper subgroup is trivial, then
this is homotopic to

Gy At (S A HZy A SYPH) = Gy Ay (S* A HZ ) A SYPH)

Hence we are interested in computing ﬂﬁ_s(HZQ) A Strn)

Richard Wong University of Texas at Austin

The Periodicity Theorem, Part | (HHR Section 9.1)



The RO(G)-graded slice spectral sequence Sli ifferentials Theorem
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Case 1

By Proposition 4.40, m}/_ (HZ) A S¢PH) vanishes if
t—s<l =t/ (h=|H|

so it in particular vanishes for t' — s < t'/g. Equivalently, it
vanishes for

s> (g = 1)((t = s) — (k= ko))

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence entials Theorem

000000000080 0000000

Case 2

If S = S%¢ is an non-induced slice cell, then we are interested in
computing
G/ ck 7
7TJ- (S TN HZ(z) NS PG)

forj<f+kand ¢ k>0.

Lemma (9.1)
77 (8% A HZy A §¢) =
0 if (j —¢)<0or(j—¢) odd
Z/Q.{a%ag_zmu%} if(—¢)=2m>0and ¢ >0
Zey - {us} if—¢)=2m>0and ¢ =0

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence

00000000000 e0000000

Proof.
We write Sk7 A §tP6 = S(k+0a A Gl A GUPc—=0—1) and consider the
multiplication map

a%_a : 7TJ-GHZ(2) A S(k—M)U ASE— WJ-GHZ(Q) A Sko A Stee

We claim that this map is an isomorphism for j < ¢ + k and

0,k > 0.
If £ =0, this map is an isomorphism. Ol
Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence The Slice Differentials Theorem
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Proof.

For ¢ > 0, SUre=o-1) has one O-cell, and all other G-cells are
induced and in positive dimension.

Since the restriction of o to every proper subgroup is trivial, it
follows that to obtain Sk A §6 from S(k+0)7 A S one attaches
induced G-cells of dimension greater than (k + 2¢).

Hence af__ is an isomorphism for j < k + 2¢, and hence for

p—o

j <+ ksince £ > 0.
Therefore, in our range, we are intersted in computing
7f (HZ gy A SEH7 A Y

Which was done in Proposition 3.16. O

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence The Slice Differentials Theorem

0000000000000 e00000

It remains to identify the summand of non-induced slice cells in
MUU®) . That is, we need the algebra structure as well.

Recall that we have an associative algebra equivalence

\/ PEMUUC) ~ HZ 5y A SOG - 71, -]
kEZ

We can do so by identifying the summand of non-induced slice
cells in each S°[G - 7;] and smashing them together.

Proposition

The associative algebra map
SO[NFL, ] = S°[G -7y, ]

is the inclusion of the summand of non-induced slice cells.

Richard Wong University of Texas at Austin
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> Slice Differentials Theorem

The RO(G)-graded slice spectral sequence

0000000000000 0e0000

Proof.
Take the generating inclusion 7; : S7°% — SO[F]

We then apply the norm Ngz to obtain N7; : S — SO[G - 7]

We can then extend it to an associative algebra map
SO[NF;] — SO[G - 7], which we claim is the inclusion of the
summand of non-induced slice cells.

Recall that
G-~ /) SV
f:G/CQ—)No

Richard Won University of Texas at Austin
g
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The RO(G)-graded slice spectral sequence The Slice Differentials Theorem
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Proof.

SGFl~ ) SV
f:G/C2—>N0

Decompose the right hand side over the G-orbits.

Since an indexed wedge over a G-orbit is induced from the
stabilizer of any element of the orbit, the summand of non-induced
slice cells consists of those f which are constant.

If f is the constant function n, then V¢ = npg, hence the
summand of non-induced slice cells is

\/ Snpe

n

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence

0000000000000 000e00

ice Differentials Theorem

Consider the Z x RO(G)-graded ring

Zpyla, fi, u] /(2a, 21;)

with |a] = (1,1 — o), |fi| = (i(g — 1), ig), and |u| = (0,2 — 20)
Proposition (9.7)
The map

Z(z)[a,ﬁ-,u]/(2a,2ﬁ)—> @ Ezs’t

s,k>0
tex—ko

is an isomorphism in the range

s> (g = 1)((t = s) = (k — ko))

Richard Wong
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| sequence The Slice Differentials Theorem

900000000

By construction, the f; represent the elements
fi = a%GNT,- S 7r,-GMU((G)), and are hence permanent cycles.

Similarly, a represents the element a, € TFEGMU((G)), and also is a
permanent cycle.

Theorem (9.9)

In the slice spectral sequence for w&(MUW®)), the differentials
di(u? ") are zero for i < r:=1+ (2K — 1)g, and

di(? ) = 4

Richard Wong University of Texas at Austin
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The RO(G)- d slice spectral sequence The Slice Differentials Theorem

O®0000000

Note that on the vanishing line
s=(g—-1)((t—s)+ ko) + k

is the algebra
Z(z) [a, f,-]/(2a, 2f;)

Recall that in Proposition 5.50, the kernel of the map
®C 1 HZ)[NF1, -] = 7E0CMUL) = 1, MO[aF]
is the ideal (2,f,f,f7, )

Hence any non-trivial differentials into the vanishing line must land
in this idea.

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence The Slice Differentials Theorem

000000000000 0000000 [e]e] Jele]ele]e]e]

Proof.

We prove the Slice differential theorem by induction on k. Assume
the result for k' < k.

In the range s > (g — 1)(t — s — (k — ko)), after resolving the
induction differentials, there are two modules over Z)[fi]/(2f;):
one generated by a¥, which is free over the quotient ring

Z/2[f]/(f1, B3, Fok-1_1)

and one generated by u2".

Since the differential must land in (2, fi, f3, 7, - - ), for degree
reasons, the only possible differential on u?" is the one asserted
by the theorem. We must show that u?" does not survive the
spectral sequence. Ol

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence The Slice Differentials Theorem
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Proof.

It suffices to do so after inverting a. Recall that for G = Gyn, up to
fibrant replacement,

T ®C(X) = nC(EP A X) = a;lnlX
Inverting a on the map WEMU((G)) — ﬂfHZ(z) yields the map
mdC(MUE)) = 7, MO — 7, 0C(HZ5))

By Proposition 7.6, this map is 0 in positive degrees. However, if
2k—1 . . _2k 2k—1 .

u is a permanent cycle, so is a~< u“ , but this would

represent a class b2 in T ®C(HZ()) = Z/2[b], which is a

contradiction. O

Richard Wong University of Texas at Austin
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The RO(G) pectral sequence The Slice Differentials Theorem

[e]e]e]e] Jelee]e]

Permanent cycles

Write
ak == N72k_1 S W(gk_l)pGMU((G))

k_1—
Note that fyx_; = a% 19k.

Also observe that we have the identity

— 2k+1_1— - 2k—
f2k+1_18k = aﬁ 6k+18k = fzk_laﬁ 8k+1

Oy is represented in the RO(G)-graded slice spectral sequence by

an element also denoted Jy € W(%k_l)pGP((ZZ:::))gMU((G))

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence The Slice Differentials Theorem
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Corollary (9.13)

In the RO(G)-graded slice spectral sequence for MU(®)), the class
0xu? is a permanent cycle.

Proof.

Set r =14 (2t —1)g. By the Slice differential theorem, the
differentials d;(9xu2‘) = D d;i(u?") are zero for i < r. Moreover,

—= k = k+1 k+1 k=
d,(akuz ) = 6/(82 f2k+1_1 = 32 fzk_la/% 8/(

However, setting r' = 1+ (2K — 1)g, note that r’ < r. We also
have . . .
=il —
d,/(u 32 ag 8k+1) = 82 fzk_la% 8k+1

Therefore, we actually have that d,(9,u?") = 0.
[]

Richard Wong University of Texas at Austin
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The RO(G)-graded slice spectral sequence The Slice Differentials Theorem
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Proof.
It remains to show that the higher differentials vanish. We show
that they land in a region that is 0 in the E; term.

— k (2k—1)
Note that 9kt € TS5 )4 (2t 1) Pat-1ye MU

The differential dj;; decreases t — s degree by 1, and increases t
degree by i. Hence we wish to study

P g+i pr((6))

=G
2k(2—20)+(2k—1)pg—1" (2k—1)gti

fori4+1>r=1+ (21 -1)g. O

Richard Wong University of Texas at Austin
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| sequence The Slice Differentials Theorem
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Proof.

Equivalently, we wish to study

k—1 I
7Sy (S20 n §7@Dre 5 PRIy ()

We rewrite this as
2k+1

TS 1(S5 TAX)

Note that X; > i, so by Proposition 4.40, 7eX;=0 for j < |i/g].
J

Since $2"'7 is (-1)-connected, then 7r2G,(+1_1(52k+1‘7 A X;i) vanishes
for j > 2k+1lg. O

Richard Wong University of Texas at Austin
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| sequence The Slice Differentials Theorem

000000008

Proof.

For the remaining values of i, since they are strictly between 2k*1g
and (21 —1)g, then i is not divisible by g. Since MU(®)) is
2k=1)g4i
2k=1)g+i
Therefore, so is X;.

pure, then P(( MU((G))) is induced from a proper subgroup.

We therefore have an equivalence

2k+1

§2Mo A X~ 2T A X

Therefore, we have that

ok+1 ok+1

since X; > 0.
O]
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